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In this paper a new Hamiltonian constraint operator for loop quantum cosmology is constructed by using the
Chern-Simons action. The quantum dynamics of the k = 0 cosmological model with respect to a massless scalar
field as an emergent time is determined by a difference equation. The semiclassical analysis shows that the new
quantum dynamics has the correct classical limit and the classical big bang singularity is again replaced by the
quantum bounce. Interestingly, the retrieving evolution of the flat FRW cosmological model against time will
be bounced to an asymptotic de Sitter universe.
I. INTRODUCTION
A key motivation of studying quantum gravity is to cure the
classical singularities predicted by general relativity (GR), by
combining the ideas of GR and quantum theory in a consistent
way. As a non-perturbative approach to quantum gravity, loop
quantum gravity (LQG) has made remarkable progress in the
past thirty years (see [1, 2] for books, and [3–6] for articles).
According to LQG, a spacetime consists of fundamental units
of spacetime quanta and the spectra of the geometrical oper-
ators corresponding to the classical length, area and volume
turn out to be discrete [7–11]. In spite of these achievements,
the dynamics of LQG is still an open issue. There are some
interesting attempts to quantize the Hamiltonian constraint in
the canonical approach [12–15], and some properties of the re-
sulted operators are studied [16–19]. Beyond these proposals,
the idea to use Chern-Simons action to construct the Hamilto-
nian constraint is proposed in [20, 21], which deserves further
investigating.
The ideas and techniques in the full theory of LQG has been
successfully applied to the cosmological models of loop quan-
tum cosmology (LQC) [22]. Much progress, including the
notable classical big-bang singularity resolution [23–29], has
been made in this area. The issue of big-bang singularity res-
olution in LQC was first discussed in [22, 23] by noticing that
the quantum Einstein equation is still well defined when the
evolution approaches to the classical big-bang region, and the
quantum evolution can ‘evolve’ right through the singularity
[22, 23]. Later on, by the analytical and numerical methods
developed in [24–27], the dynamics at the quantum level was
studied more profoundly, which shows that the classical big
bang is replaced by a quantum bounce in LQC model of grav-
ity coupled to a massless scalar field.
In LQG, the Hamiltonian constraint is usually decomposed
as a summation of two terms: the Euclidean term and the
Lorentzian term. These two terms were first regularized and
quantized as operators in [12, 13] by using the Thiemann’s
trick, which was adapted afterwards to define the Hamiltonian
operator in LQC [24–26, 28]. It is noticed that in [24–26]
one only considered the Thiemann’s trick for the Euclidean
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term since the Lorentzian term is classically proportional to
the Euclidean one in the spatially flat and homogeneous cos-
mological models. However, taking account of the fact that
the Lorentzian term was quantized in a rather different way
than that of the Euclidean term in full LQG, to inherit more
features from the full theory, the Lorentzian term was treated
independently in the cosmological models proposed in [28]
by using the Thiemann’s trick as in LQG. Recently it is shown
that the effective Hamiltonian of one of the models proposed
in [28] can be reproduced by a suitable semiclassical analy-
sis of Thiemann’s Hamiltonian in full LQG [30]. A notable
difference between the treatment without the Lorentzian term
and the treatment with the Lorentzian term is that the former
one leads to a symmetric bounce scenario while the later one
an asymmetric bounce which relates the flat FRW cosmologi-
cal model with an asymptotic de Sitter universe [29, 31].
In this paper, we consider the idea to use Chern-Simons ac-
tion to construct the Euclidean Hamiltonian constraint opera-
tor for LQG and apply this treatment to the LQC model. An
interesting question is what kind of evolution can be obtained
by using the new Hamiltonian constraint operator. We will
show that the new proposed Hamiltonian constraint operator
can also drive an asymmetric quantum bounce evolution, and
the retrieving evolution of the flat FRW cosmological model
will be bounced to a de Sitter universe asymptoticly.
II. CLASSICAL DYNAMICS
A. Hamiltonian constraint from Chern-Simons action in LQG
In the Hamiltonian formulation of GR, the spacetime man-
ifold M is splited as M =  × Σ where Σ denotes a 3-
dimensional space-like manifold with arbitrary topology. The
classical phase space consists of the Ashtekar-Barbero vari-
ables (Aia(x), E˜
a
i (x)), where A
i
a(x) is a SU(2)-connection and
E˜ai (x) is a su(2)-valued vector density field of weight 1. Here
a, b, c... = 1, 2, 3 are used to represent the spatial indices and
i, j, k... = 1, 2, 3, the internal su(2)-indices. The only non-
trivial Poisson bracket is given by
{Aia(x), E˜bj (y)} = κγδabδijδ3(x, y) , (1)
where κ = 8piG with G being Newtonian’s constant, and γ is
the Barbero-Immirzi parameter.
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The classical dynamics of GR is thus obtained by impos-
ing constraints on this phase space, including the Gauss con-
straint, the diffeomorphism constraint and the Hamiltonian
constraint. Since the Gauss constraint and the diffeomorphism
constraint are identically satisfied in both Friedmann model
and Bianchi I model, we thus only need to consider the Hamil-
tonian constraint here. The Hamiltonian constraint of gravity
can be written as
Hgrav =
∫
Σ
d3x N
E˜a jE˜bk
2κ
√
det(q)
[
i jkF iab − 2(1 + γ)K j[aKkb]
]
,
(2)
where F iab is the curvature of connection A
i
a, K
i
a represents the
extrinsic curvature of the spatial manifold Σ embedded inM
and N is the lapse function. Since the homogeneous space is
considered in the current paper, the lapse function can be fixed
to be N = 1. The first term of the Hamiltonian constraint in
Eq. (2) takes the same form as that in the Euclidean theory, so
it is called the Euclidean term of the Hamiltonian constraint
and denoted as
HE =
∫
Σ
d3x
E˜a jE˜bk
2κ
√
det(q)
i jkF iab . (3)
In LQG, there is no operator corresponding to Aia(x) itself.
For passage to quantum theory, we first need to express the
classical Euclidean Hamiltonian constraint in terms of the el-
ementary variables: the holonomy he(A) of Aia(x) along some
edge e and the flux Ei(S ) of Eai (x) across some surface S
which have unambiguous quantum analogs. In the standard
LQC, one used the Thiemann’s trick to achieve the end where
the Euclidean part can be finally written as
HE = − 2
κ2γ
∫
Σ
d3xS ˜abctr(Fab(x){Ac(x),V}) , (4)
where S ≡ sgn
[
det(eia)
]
, and V is the volume of Σ. However,
in the current paper, we will choose another approach to ex-
press HE in terms of the Chern-Simons action defined on Σ
which reads
S cs = 2
∫
Σ
tr
(
A ∧ dA + 2
3
A ∧ A ∧ A
)
, (5)
where A is used to abbreviate the connection Aia(x) and dA is
the exterior differentiation of A. In order to obtain HE, we
define the Chern-Simons functional on the phase space as
S cs(A, E) := 2
∫
Σ
S tr
(
A ∧ dA + 2
3
A ∧ A ∧ A
)
= −1
2
∫
Σ
d3xS ˜abc
(
F iabA
i
c −
1
3
i jkAiaA
j
bA
k
c
)
. (6)
A straightforward calculation gives us the Poisson bracket be-
tween Chern-simons functional S cs and the volume VΣ of Σ
{S cs(A, E),VΣ} = 2
∫
Σ
d3xS ˜abctr (Fab(x) {Ac(x),VΣ}) . (7)
Using the Poisson bracket above, the Euclidean part of the
Hamiltonian constraint in Eq. (4) can be reexpressed as
HE = − 1
κ2γ
{S cs(A, E),VΣ} . (8)
Finally, to write the complete constraint we also need the
matter part of the constraint. In the present work, a massless
scalar field T minimal coupled to the gravity field is consid-
ered.. Using pT to denote the momentum conjugate to T , we
have the Hamiltonian of the scalar field
HM = 12
∫
Σ
d3x
 p2T√q + (∇T )2
 . (9)
B. Classical dynamics in Friedmann model
As the standard treatment in LQC, an elementary cell cubic
V will be introduced to avoid the non-compact problem of the
spatial manifold. Fix a fiducial metric oqab and denote by Vo
the volume of this elementary cell in this geometry. Then the
canonical variables are reduced to [22]
Aia = cV
− 13
o
oωia , E
a
i = pV
− 23
o
√
oq oeai , (10)
where (oωia,
oeai ) are a set of orthonormal co-triads and triads
compatible with oqab and adapted to the edges of the elemen-
tary cell. Then the Poisson bracket of basic variables reads
{c, p} = κγ
3
, (11)
where c is related to the time-derivative of scale factor and
p is the physical area of a face of the elementary cell. Then
in terms of the reduced variables, the Euclidean part of the
Hamiltonian constraint in Eq. (3) and the Chern-Simons fun-
tional in Eq. (6) become
HE = 3
κ
c2
√|p| , (12)
and
S cs(c, p) = −2sgn(p)c3 . (13)
Thus the Hamiltonian constraint in Eq. (2) can be simplified
as
Hgrav = − 1
γ2
HE = 1
κ2γ3
{S cs(c, p),V} , (14)
where V := |p|3/2 is the physical volume of the elemental cell
V.
Finally, the total Hamiltonian constraint, combining the
gravity part with the matter part, is
Htot = 1
κ2γ3
{S cs(c, p),V} +
∫
V
d3x
√
q ρM , (15)
which is actually
Htot = − 3
κγ2
c2
√|p| + p2T
2|p|3/2 . (16)
2
Then the Hubble parameter can be calculated as
H =
{p,Htot}
2p
=
1
γ
c√|p| sgn(p) . (17)
The Friedmann equation is then obtained by vanishing the
Hamiltonian constraint, which is
H2 =
κ
3
p2T
V2
=:
κ
3
ρM . (18)
III. NEW QUANTUM DYNAMICS IN LQC
A. Kinematics of LQC
In the current paper, the kinematical Hilbert space is chosen
to be that used in LQC, where the Hilbert space corresponding
to the degrees of freedom of gravity is
H grFr = L
2(Bohr, dµBohr) , (19)
where Bohr is the Bohr compactification of  and dµBohr is
the Haar measure. There are two fundamental operators in
this Hilbert space: pˆ which represents the area of each side of
the elementary cell and ̂exp (iλc) which is the building block
to reconstruct the holonomy of the reduced connection Aia(x)
along an edge parallel to the triad oeai . However, as we will
follow the improved scheme as in [26], it is necessary to in-
troduce a new operator
vˆ =
sgn( pˆ)| pˆ|3/2
2piγ`2p
√
∆
(20)
with the Plank length `p =
√
G~. vˆ is a dimensionless variable
representing the physical volume of the elementary cell. We
will work with the representation where the operator vˆ is diag-
onalized. Eigenstates of the the operator vˆ, denoted as |v〉, is
labelled by a real number v. The orthonormal relation among
these eigenstates is given by
〈v|v′〉 = δv,v′ , (21)
where δv,v′ is the Kronecker delta. Thus a general sate inH
gr
Fr
is expressed as a countable sum: |ψ〉 = ∑ψn|vn〉 and the inner
product is
〈ψ(1)|ψ(2)〉 =
∑
ψ(1)n ψ
(2)
n . (22)
There are two useful operators on the kinematical Hilbert
spaceH grFr .
• The first one is êib, where
b :=
µ¯c
2
(23)
with µ¯ =
√
∆/|p| and ∆ ≡ (2√3piγ)`2p. êib is the build-
ing block to formulate the holonomy h(µ¯)i of the reduced
connection Aia(x) along an edge parallel to the triad
oeai
whose length with respect to the physical matric is
√
∆.
It is noticed that ∆ is the are gap given by LQG, which
means that the edge underlying the holonomy h(µ¯)i takes
the minimal length of the quantum geometry. Because
of the fact
{b, v} = 1
~
, (24)
we have
êib |v〉 = |v + 1〉 . (25)
êib can be related to the holonomy ĥµ¯i according to the
classical relation
h(µ¯)i = cos b I + 2 sin b τi . (26)
• The other one is the operator Vˆ representing the volume
of the elementary cell. It reads
Vˆ = 2piγ`2p
√
∆ |vˆ| . (27)
For the degrees of freedom of the scalar filed, we use the
Scho¨rdinger quantization, where Tˆ is quantized to be a multi-
plication operator and pˆT is the derivative operator, namely
Tˆψ(T ) = Tψ(T ) , pˆTΨ(T ) = −i~ ddT Ψ(T ) , (28)
where Ψ(T ) ∈ L2(, dT ). Then the total kinematical Hilbert
space, combining that for both of gravity and the scalar field,
isHFr =H
gr
Fr ⊗ L2(, dT ).
B. Hamiltonian constraint operator for gravity in LQC
To construct the Hamiltonian constraint operator, we first
express the Chern-Simons functional in Eq. (6) in terms of
holonomies as
S cs =
sgn(p)
µ¯3
 i jktr
h(µ¯)i j h(µ¯)k − h(µ¯)
−1
k
2

−2
3
 i jktr
h(µ¯)i − h(µ¯)
−1
i
2
h(µ¯)j − h(µ¯)
−1
j
2
h(µ¯)k − h(µ¯)
−1
k
2

 ,
(29)
where h(µ¯)i j := h
(µ¯)
i h
(µ¯)
j h
(µ¯)−1
i h
(µ¯)−1
j is the holonomy around the
square i j in the i- j plane spanned by a face of the elementary
cell with µ¯V1/30 being the length of its sides measured by fidu-
cial metric oqab. It should be noticed that Eq. (29) has taken
into account the existence of the are gap and that we followed
the µ¯-scheme as in [26].
By substituting Eq. (26) into Eq. (29), we have
S cs =
sgn(p)
µ¯3
(
8 sin3 b − 6 sin2 (2b) sin b
)
, (30)
3
which leads to that
Hgrav = 1
κ2γ3
{
sgn(p)
µ¯3
(
8 sin3 b − 6 sin2 2b sin b
)
,V
}
. (31)
The corresponding Hamiltonian operator is thus obtained by
replacing the classical variables with their quantum analogs,
which reads
Hˆgrav = − i~
32γ
√
∆
ˆ|v|1/2
[
Bˆ ̂sgn(v) + ̂sgn(v) Bˆ, ˆ|v|
]
ˆ|v|1/2 , (32)
where
Bˆ ≡ 8 ̂sin3(b) − 6 ̂sin(2b) ŝin(b) ̂sin(2b) . (33)
Its action on the state |v〉 is given by
Hˆgrav|v〉 =3 f +5 (v)|v + 5〉 − 7 f +3 (v)|v + 3〉 + 6 f +1 (v)|v + 1〉
+ 6 f −1 (v)|v − 1〉 − 7 f −3 (v)|v − 3〉 + 3 f −5 (v)|v − 5〉
(34)
with
f ±k (v) = ±
~
128γ
√
∆
[
sgn(v ± k) + sgn(v)]
× (|v ± k| − |v|) √|v(v ± k)| . (35)
C. The total Hamiltonian operator
According to Eq. (16), the Hamiltonian constraint for the
sector of the scalar field is given by
HM =
p2T
2V
. (36)
As in [26], the inverse volume operator corresponding to 1/V
is given by
V̂−1ψ(v) =
B(v)
2piγ
√
∆`2p
ψ(v) , (37)
where
B(v) ≡
(
3
2
)3
|v| ∣∣∣|v + 1|1/3 − |v − 1|1/3∣∣∣3 . (38)
Then by recalling that the Hilbert space for the scalar field is
given by the Scho¨rdinger quantization, we have the action of
the Hamiltonian operator for the matter part
HˆMψ(v;T ) = − ~
2
4piγ
√
∆`2p
B(v)∂2Tψ(v;T ) . (39)
Finally by using Eqs. Eq. (34) and Eq. (39), we have the total
Hamiltonian constraint equation
0 = Hˆtot ≡ Hˆgrav + HˆM , (40)
which gives the dynamics of the current system, as
∂2Tψ(v;T ) =[B(v)]
−1[ + 6C+1 (v)ψ(v + 1;T ) + 6C−1 (v)ψ(v − 1;T )
− 7C+3 (v)ψ(v + 3;T ) − 7C−3 (v)ψ(v − 3;T )
+ 3C+5 (v)ψ(v + 5;T ) + 3C
−
5ψ(v − 5;T )
]
=:Θ̂ψ(v;T ) , (41)
where
C±k (v) = ±
piG
32
[
sgn(v ± k) + sgn(v)] (|v ± k| − |v|) √|v(v ± k)| .
(42)
IV. SEMI-CLASSICAL ANALYSIS OF QUANTUM
DYNAMICS OF FRIEDMANNMODEL
We will choose a coherent state peaked at some point
(b0, v0,T0, pT ) in the classical phase space to calculate the ex-
pectation values of quantum constraint. The coherent state is
chosen to be(
Ψ(bo,vo,T0,pT )
∣∣∣ := ∫ dT ∑
v∈
e−
2
2 (v−vo)2eibo(v−vo)e−
σ2
2 (T−T0)2
× e i~ pT (T−T0)(v| ⊗ (T | , (43)
where  and σ are the Gaussian spread in the gravitational
sector and scalar field sector. It is noticed that this state lives in
the algebraic dual space of some dense set in the kinematical
Hilbert space. For practical calculations, we only need to use
the shadow of the state
∣∣∣Ψ(bo,vo,T0,pT )〉 on the regular lattice with
spacing 1 as∣∣∣Ψ(bo,vo,T0,pT )〉 := ∫ dT ∑
n∈Z
e−
2
2 (n−vo)2e−ibo(n−vo)e−
σ2
2 (T−T0)2
× e− i~ pT (T−T0)|n〉 ⊗ |T 〉 . (44)
As discussion in [32], the parameters vo and bo in the coherent
state (43) are restricted to satisfying vo  1 and bo  1 so
that the corresponding volume Vo = 2piγ`2P
√
∆vo  `3P and
expansion velocity a˙  1. Moreover, restrictions that vo 
1,   bo, φ  σ and pTσ  1 are also required so that the
state is sharply peaked.
Although there is no operator corresponding to b in loop
quantization, one may define an approximation bˆ := (êib −
ê−ib)/(2i), which agrees approximately with the classical b
when b  1. Using the shadow state scheme [33], the ex-
pectation values in the state (Ψ| are calculated as
〈b〉 = e− 14 2 sin bo , 〈v〉 = vo , 〈T 〉 = T , 〈pT 〉 = pT . (45)
Now let us calculate of the expectation value of Ĥgr. With-
out loss of generality, we drop the matter part in the shadow
state (44). Then the action of the operator Ĥgrv in Eq. (34) on
the shadow state is given by
Hˆgrav|Ψ〉 =
∑
n∈Z
e−
2
2 (n−vo)2e−ibo(n−vo)
4
×
∑
k∈{1,3,5}
λk
(
f +k (n)|n + k〉 + f −k (n)|n − k〉
)
(46)
with λ1 = 6, λ3 = −7, λ5 = 3. Note that f +k (n) = f −k (n + k).
We finally have
(Ψ|Hˆgrav|Ψ〉 = 2
∑
k
λke−
2
4 k
2
cos (kbo)
∑
n∈Z
f +k (n)e
−2(n−vo+ k2 )
2
=: 2
∑
k
λke−
2
4 k
2
cos (kbo)Fk . (47)
Applying the Poisson resummation formula, we obtain
Fk =
∑
n∈Z
e−
pi2n2
2 e−i2pin(vo−
k
2 )
∫ ∞
−∞
dx f +k (x)e
−2
(
x−vo+ k2 + inpi2
)2
= I0k + O
(
e−pi
2/2
)
, (48)
where
I0k =
∫ ∞
−∞
dx f +k (x −
k
2
)e−
2(x−vo)2 (49)
=
~v3o
128γ
√
∆
∫ ∞
−∞
dxe−(vo)
2(x−1)2
[
sgn
(
x +
k
2vo
)
+sgn
(
x − k
2vo
) (∣∣∣∣∣x + k2vo
∣∣∣∣∣ − ∣∣∣∣∣x − k2vo
∣∣∣∣∣)
√∣∣∣∣∣∣x2 − k24v2o
∣∣∣∣∣∣
 .
(50)
By the steepest decent method
I0k =
~kvo
√
pi
64γ
√
∆ 
+ O(1/vo) + O
(
e−
2v2o
)
. (51)
Finally, we have
〈Hˆgrav〉 =
〈Ψ|Hˆgrav|Ψ〉
〈Ψ|Ψ〉 ≈
~vo
32γ
√
∆
∑
k
kλke−
2
4 k
2
cos(kbo)
=
~vo
32γ
√
∆
[
15e−
25
4 
2
cos (5b0) − 21e− 94 2 cos (3bo)
+6e−
1
4 
2
cos (bo)
]
. (52)
Taking into account the result for the matter sector given in
[27], we finally have the expectation value for the total Hamil-
tonian constraint
〈Hˆtot〉 ≈ ~v
32γ
√
∆
[
15e−
25
4 
2
cos (5b) − 21e− 94 2 cos (3b)
+6e−
1
4 
2
cos (b)
]
+
1
4piγ
√
∆ `2P
(
p2T +
~
2σ2
) [
1
v
+ O
(
v−3, v−3−2
)]
,
(53)
where the subscript o has been dropped. Recalling that the
evolution O˙ of some operator Oˆ can be calculated simply by
taking the commutator between O and the Hamiltonian and
divided by i~, we therefore obtain that
〈b˙〉 = (ψ|[bˆ, Hˆtot]|ψ〉
i~(ψ|ψ〉 =
1
64
√
∆γ
∑
k
λkk
{
e−
2
4 (k+1)
2
cos [b(k + 1)]
+e−
2
4 (k−1)2 cos [b(k − 1)]
}
−
(
p2T +
1
2σ2
)
1
2V
,
(54)
〈V˙〉 = (ψ|[Vˆ , Hˆtot]|ψ〉
i~(ψ|ψ〉 = −
V
32
√
∆γ
∑
k
λkk2 sin(bk)e−
2
4 k
2
,
(55)
〈T˙ 〉 = (ψ|[Tˆ , Hˆtot]|ψ〉
i~(ψ|ψ〉 =
pT
V
, (56)
〈p˙T 〉 = (ψ|[pˆT , Hˆtot]|ψ〉i~(ψ|ψ〉 = 0 , (57)
where V = 2piγ`2P
√
∆ |v| is the volume of the cell.
V. DYNAMICAL ANALYSIS
Consider the leading order of the effective Hamiltonian
constraint given by Eq. (53), which is
Hefftot ≡ 〈Hˆtot〉 = −
3~
8γ
√
∆
v [3 cos(b) + 5 cos(3b)] sin2(b)
+
p2T
4piγ`2P
√
∆ v
. (58)
It is easy to get that pT is a constant of motion. Thus T is a
monotonic function of the cosmological time. Then the matter
field T can be regarded as an internal clock with respect which
the relative evolution can be defined. In addition, by the form
of the effective Hamiltonian constraint (58), v = 0 can never
be a solution to the constraint equation Hefftot (b, v) = 0, which
indicates that the big bang singularity where v = 0 will be
resolved by the effective Hamiltonian constraint. For a given
pT , the equation Hefftot (b, v) = 0 is plotted in Fig. 1, in which
the conclusion that v , 0 is shown.
According to the effective Hamiltonian constraint, the mat-
ter density can be expressed as
ρT (v) =
p2T
2V2
=
p2T
8pi2G2~2γ2∆ v2
Hefftot =0
=
3
16piGγ2∆
[3 cos(b) + 5 cos(3b)] sin2(b)
≡ ρeffT (b) , (59)
which takes its critical matter density ρcrit, defined as the max-
imal value of ρeffT (b), at b = arcsin
( √
13−√69
5
)
, and
ρcrit =
3
√
7092 − 759√69
625piGγ2∆
≈ 1
8piGγ2∆
. (60)
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FIG. 1. Plot of the constraint equation H efftot (b, v) = 0, where G =
~ = 1, γ = 0.2375 and pT = 10000. It shows that v = 0 cannot be a
solution.
Now let us investigate the asymptotic behavior of the ef-
fective dynamics in the classical region, namely the large v
region. For v→ ∞, the matter density ρeffT (b) in Eq. (59) goes
to zero, which leads to
b ∈
(
−pi
2
,
pi
2
)
→
 b
±
c,I ≡ 0±
b±c,II ≡ ± arcsin
(√
2
5
)
. (61)
The above result shows that there are two types of classical
universe, the type-I and the type-II universes. In the following,
we focus on the positive solution corresponding the present
universe, and omit the symbol +. Moreover, Fig. 1 shows that
the two universes are in fact connected. Expanding ρeffT (b) at
bc,I and bc,II up to the second order, one obtains the classical
behavior of the matter density
ρeffT →
 ρc,I ≡ ξb2ρc,II ≡ − 3ξ5√5 [2√2 (b − bc,II) + 3√3 (b − bc,II)2] ,
(62)
where ξ ≡ 32piGγ2∆ , and the classical behavior of the effective
Hamiltonian constraint
Hefftot →

Htot,c,I ≡ − 3~
γ
√
∆
b2v + p
2
T
2V
Htot,c,II ≡ 9~5γ√5∆
[
2
√
2
(
b − bc,II)
+3
√
3
(
b − bc,II)2] v + p2T2V
. (63)
Substituting these asymptotic expressions in to the Friedmann
equation
H2eff =
( v˙
3v
)2
=

{
v,Hefftot
}
3v

2
=
(
− 1
3v~
∂Hefftot
∂b
)2
, (64)
one can get the classical behavior of Hubble parameter
H2eff →
 H
2
c,I ≡ 8piG3 ρT
H2c,II ≡ 8piG3
[
− 9
√
3
5
√
5
ρT + ρΛ
]
, (65)
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FIG. 2. Plot of the relative evolution of v with respect to the scalar
field T given by the effective Hamiltonian constraint, where G = ~ =
1, γ = 0.2375 and pT = 10000.
where
ρΛ ≡ 27125piGγ2∆ . (66)
Hence, it is concluded that in the type-I region, which corre-
sponds to the case b → 0 in Eq. (61), the effective dynamics
behaves as as a cosmology consisting of a scalar field, but
that in the type-II region, which corresponds to the other case
in Eq. (61), the effective dynamics behaves as a cosmology
model consisting of a scalar field with negative energy den-
sity and a positive cosmological constant
Λ =
216
125γ2∆
. (67)
Finally, by using the Hamiltonian constraint equation and
the dynamical equation
dT
dv
=
{
T,Hefftot
}{
v,Hefftot
} = 16pT
3pi~Gv2 [2 sin(b) − 21 sin(3b) + 25 sin(5b)] ,
(68)
the relative evolution of v with respet to the scalar field T
can be calculated numerically. The solution is plotted in Fig
2. It shows that the retrieving evolution of the FRW cosmol-
ogy, corresponding to the case of b → 0, will be bounced to
an asymptoticly de Sitter universe, which is compatible with
our analysis above, and that the classical big bang is again
replaced by the quantum bounce.
VI. SUMMARY AND DISCUSSION
In the previous sections, the Chern-Simons action is em-
ployed to regularize the Euclidean Hamiltonian constraint,
and then a well-defined corresponding operator could be ex-
pected for LQG. To test this idea, the treatment is applied to
the k = 0 cosmological model with a massless scalar field,
6
for which the Euclidean term of the gravitational Hamilto-
nian constraint is classically proportional to the Lorentzian
term. Therefore, in our LQC model only the Euclidean term
of the Hamiltonian is quantized for simplification. The quan-
tum dynamics of the LQC model is determined by the differ-
ence equation (41). It is shown by Eq. (53) that the quantum
Hamiltonian has the correct classical limit by the semiclassi-
cal analysis. The effective dynamic gives a quantum bounce
resolving the classical big bang singularity as shown in Fig.
2.
Alternatively, one can also treat the Lorentzian part of
the Hamiltonian constraint independently and add it into the
Hamiltonian. This will lead to an alternative effective Hamil-
tonian constraint as follows
HeffFull,tot =
3~γ
8
√
∆
v [3 cos(b) + 5 cos(3b)] sin2(b)
− 3~(1 + γ
2)
4096
√
∆ γ
v [2 sin(b) − 21 sin(3b) + 25 sin(5b)]2
+
p2T
4piγ`2P
√
∆ v
. (69)
We leave the dynamics driven by the alternative Hamiltonian
constraint (69) for further study.
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